A stochastic model is treated of bi-directional horizontal ground motions (2DGM). It is shown that, in comparison with the Penzien-Watabe model (1975), the cross power spectral density (PSD) function between 2DGM along the building structural axes can be treated in a more general manner by using an extended Penzien-Watabe model introduced in this paper.
Introduction
The ground motion is a realization in space and simultaneous consideration of multiple components of ground motion is inevitable in the reliable design of structures [1, 2] . It is assumed practically that there exists a set of principal axes in the ground motions [3, 4] . It is well recognized in the literature that the principal axes are functions of time and change their directions during the ground shaking. In the current structural design practice, the effect of the multi-component ground motions is often taken into account by use of the SRSS method (square root of the sum of the squares) or the CQC3 method (extended Complete Quadratic Combination rule [5] ).
In the SRSS method, the maximum responses under respective ground motions are combined by the rule of SRSS. The SRSS method assumes the statistical independence among the respective ground motions. However, the multi-component ground motions have some statistical dependence.
On the other hand, the CQC3 rule is well known as a response spectrum method which can take into account the effect of correlation between the components of ground motions.
Although an absolute value of a cross power spectral density (PSD) function has been described by the correlation coefficient, the CQC3 rule can not treat directly, in the sense of direct treatment of both real and imaginary parts, the cross PSD functions of multi-component ground motions. Menun and Der Kiureghian [6] and Lopez et al. [7] employed the CQC3 method as the response evaluation method and discussed the critical states, e.g. a critical loading combination or a critical incident angle. Athanatopoulou [8] investigated the effect of incident angle of ground motions on structural response without use of the Penzien-Watabe model [3] and pointed out the significance of considering multiple inputs in the practical seismic design. The approach is applicable only to a set of recorded motions. In this paper, the cross PSD function in terms of both real and imaginary parts will be discussed in more detail from the viewpoint of critical excitation.
A problem of critical excitation is considered in this paper for a one-story one-span moment resisting three-dimensional (3-D) frame subjected to bi-directional horizontal ground motions (2DGM). Because the horizontal ground motions are known to be influential to most of ordinary building structures, only horizontal ground motions are treated here. The two horizontal ground accelerations are modeled as nonstationary random processes whose auto PSD functions are known. A critical excitation problem is formulated such that the worst cross PSD function of the 2DGM is determined for the maximum mean-squares extreme-fiber stress of the column at the top. It is found that the real part (co-spectrum, e.g. see Nigam [9] ) and the imaginary part (quad-spectrum) of the worst cross PSD function can be obtained by a devised algorithm including the interchange of the double maximization procedure in the time and frequency domains.
The critical excitation problems have been treated extensively by many researchers, e.g.
Drenick [10] , Shinozuka [11] , Iyengar and Manohar [12] , Manohar and Sarkar [13] , Abbas and Manohar [14] [15] [16] , Takewaki [17] [18] [19] [20] [21] [22] . The works by Sarkar and Manohar [23, 24] , Abbas and Manohar [15, 16] ) are concerned with the present paper. Sarkar and Manohar [23, 24] and Abbas and Manohar [15] formulated interesting problems and solved the problems via sophisticated mathematical insights. In particular, they revealed that the critical correlation occurs under the condition of perfect coincidence of the multiple-support inputs with the corresponding transfer functions. Furthermore Abbas and Manohar [15] discussed a critical excitation problem of a stack-like structure subjected to horizontal and vertical simultaneous inputs with the reliability index as the objective function. They determined the critical PSD matrix using response surface models. The present paper formulates a similar problem for a different model (multi-component input) with different variables in the complex plane of the cross PSD function of ground motions. Especially the relationship of the building principal axes with the ground-motion principal axes produces an interesting aspect.
Penzien-Watabe model and extended Penzien-Watabe model

Penzien-Watabe model
The CQC3 rule is based on the Penzien-Watabe model (P-W model; [3] ). The P-W model assumes the existence of the principal axes Z 1 and Z 2 along which the correlation coefficient of ground motions is zero. One principal axis in the horizontal plane is directed to the fault and the other is perpendicular to the former one.
Although the CQC3 rule is a known method of response analysis for 2DGM, the correlation between 2DGM is fixed rigidly. In order to generalize the correlation between the 2DGM in a feasible complex plane of the cross PSD function, a new ground input model is proposed in this paper. Then, the CQC3 rule can be regarded as a special case of response evaluation using the input model proposed in this paper. This will be explained later in section 5. A brief explanation is shown in Fig.1 in the form of flow chart.
Consider a one-story one-span 3-D frame. It is assumed that two axes X 1 and X 2 are perpendicular to each other and along the building structural axes. Let This means that the components along X 1 and X 2 have perfect correlation under uni-directional ground motion along the major principal axis of ground motion.
Extended Penzien-Watabe model
The P-W model is often used in the modeling of multi-component ground motions.
Although the coherence function of 2DGM 
This model is called the extended P-W model hereafter. It may be possible to incorporate the extended P-W model into the stochastic response evaluation method. In that case, a new critical excitation problem can be constructed in which the critical cross PSD function is searched in the feasible complex plane represented by Eq.(2). This method can be regarded as an extended method of the CQC3 rule based on the P-W model.
Stochastic response to 2DGM described by extended Penzien-Watabe model
Definition of nonstationary ground motion
It is assumed here that the one-directional horizontal motions can be described by the following uniformly modulated nonstationary model. 
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The auto PSD function of ( ) i w t in Eq.(3) is assumed to be given by
where T is the time duration and h is the damping ratio. 
The extreme-fiber stress at the top of the column under one-directional horizontal motion may be expressed by (see Appendix 2)
where [ ] 
where 1 ( ) g t is the well-known unit impulse response function.
Using Eqs. (7) and (8), 1 ( ) BA t σ can be expressed as 
Stochastic response evaluation in frequency domain
The auto-correlation function of ( ) 
where 12 C and 12 Q are the co-spectrum and quad-spectrum of the cross PSD function and 
Critical excitation method for worst cross PSD function between 2DGM
The critical excitation problem may be stated as: Find the cross PSD function 12 12 12 ( )
When the time t is fixed and the frequency ω is specified, the transfer functions 
under the constraint (2). The critical co-spectrum and quad-spectrum can then be obtained analytically as
It should be noted that Eqs. 
Numerical Example
Response to 2DGM with the constraint of sum of auto PSD functions
In most of the current structural design practice, safety and functionality checks are made with respect to one-directional earthquake input. This is because the ground motion model for multi-component inputs is complicated and a well-accepted model of practical use has never been presented except a few (e.g. Eurocode, IBC International Code). In addition, it may be understood that an approximate safety margin is incorporated in the magnitude of one-directional input. In this section, the effect of bi-directional input on the seismic response is investigated through the comparison with the response by CQC3 rule (perfectly correlated; although CQC3 does not correspond to the perfectly correlated case, this terminology is used symbolically) or SRSS rule (uncorrelated). The effect of correlation of 2DGM on the response is also clarified. Fig.6 shows the flow chart of the aim in this section and the relationship with section 5.2. The given structural parameters are shown in Tables 1   and 2 .
Consider the case where the auto PSD function ratio in two directions X 1 , X 2 is varied under the condition that the sum of the auto PSD functions in two directions is constant.
This is because the intensity of the uni-directional input as the combined component of two-directional input should be regarded to be constant. For uni-directional input ( org 0 γ = ) along the major principal axis of ground motion, the coherence function between the ground motions along the building structural axes is fixed to 1.0 (See Eq. (1)). The auto PSD function ratios along the building structural axes are chosen as . This is because, as the span becomes longer, a horizontal stiffness along the long span decreases. It can be concluded that the critical incident angle of multi-component ground motions may exist depending on the combination of structural stiffnesses due to difference in span lengths. 
Response to 2DGM described by extended Penzien-Watabe model: analysis from the viewpoint of critical incident angle
Since the analytical solution has been obtained as Eqs.19(a, b), the critical incident angle can be searched parametrically in an efficient manner for which the response quantity can be maximized for each combination of span length. The right figure in Fig.6 shows the flow chart indicating the aim in this section. While the auto PSD function ratio along the building structural axes has been treated directly in section 5.1, the auto PSD functions along the principal axes of ground motions are treated directly in this section. In other words, the physical meaning of ground motions is taken into account in detail in this section.
Consider the case where the ratio org In Fig.12(d) , there is no differences between two lines. This is because 2DGM along the building structural axes are uncorrelated due to ) is sufficient as far as the maximum value of response quantity is concerned.
Comparison of response to critically correlated 2DGM with that to perfectly correlated 2DGM
In order to understand the property of the critically correlated ground motions more deeply, the comparison with the perfectly correlated ground motions without time delay has been made. The structural plan is given Fig.12(a) ). This set has been generated by using random numbers. On the other hand, Fig.13 extreme-fiber stress to these two sets of horizontal ground motions. It can be observed that the response to the critically correlated ground motions could become about 1.5 times larger than that to the perfectly correlated ground motions without time delay.
Analysis of recorded 2DGM
The correlation between recorded 2DGM should be compared with the result of the critical excitation method developed in this paper. In this section, the coherence function of windows have also been examined in using the Welch-Bartlett's method. It can be observed that the coherence strongly depends on the type of earthquake ground motions.
Furthermore, as stated, the coherence also depends on the portion of ground motions (this data are not shown here due to page limit). The prediction of the coherence function before its occurrence is quite difficult and the critical excitation method will provide a meaningful insight even in these circumstances.
As for the reality of critical excitation methods, a severe ground motion attacked recently (July 16, 2007) the city of Kashiwazaki, Niigata Prefecture in Japan and many old wood houses were destroyed. It has been reported that a peculiar ground motion as shown in Fig.17 (a) has been observed and the ground motion had a predominant period of 2.5 (s). This period is thought to be resonant with the natural period of old wood houses with heavy roofs. This ground motion is very similar to one, shown in Fig.17(b) , predicted in Reference (Takewaki 2004a ). It should be noted that a large nuclear reactor facility is located in the city of Kashiwazaki and that facility had relatively minor damage. Further damage investigation is being conducted even now. This ground motion strongly supports the importance of introducing the critical excitation methods especially for important structures.
Conclusions
An extended Penzien-Watabe model has been proposed in which the cross PSD function of 2DGM can be treated in a more relaxed manner. While only the coherence function, i.e.
the absolute value of the cross PSD function, can be treated in the P-W model, the direct treatment of the cross PSD function has been made possible in the extended P-W model.
The following conclusions have been derived.
(1) A critical excitation problem has been formulated for a one-story one-span moment resisting 3-D frame subjected to the 2DGM obeying the proposed extended P-W model.
The objective function is the corner-fiber stress at the column-end. The extended P-W model is an extended version of the P-W model including an additional information on the cross PSD function as a complex function.
(2) The mean-squares corner-fiber stress at the column-end has been shown to be the sum of the term due to the 2DGM and that due to their correlation. Since the auto PSD functions of 2DGM are given and prescribed, the maximization in the critical excitation problem means the maximization of the correlation term of 2DGM.
(3) The real part (co-spectrum) and the imaginary part (quad-spectrum) of the worst cross PSD function can be obtained by a devised algorithm including the interchange of the double maximization procedure in the time and cross PSD function domains.
(4) Numerical examples indicate that the proposed algorithm can work very well. The root-mean-square corner-fiber stress at the column-end to the critical combination of the 2DGM becomes more than ten percent larger than that by the SRSS estimate of corner-fiber stress at the column-end due to the 2DGM. When the horizontal stiffnesses along the building structural axes coincide with each other, the response to the critical excitation becomes about forty ( 2 ) percent larger than that by the SRSS estimate.
(5) Analytical solutions, Eqs. (19a, b) , have enabled the efficient parametric analysis of critical incident angle (see Fig.12 ).
(6) The coherence function between the 2DGM of recorded earthquakes has been calculated.
The coherence strongly depends on the type of earthquake ground motions and the prediction of the coherence function before its occurrence is quite difficult. The critical excitation method will provide a meaningful insight even in these circumstances.
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The coherence function between the components of ground motions along the building structural axes is defined by
where [ ] E ⋅ denotes the ensemble mean. It is assumed in the P-W model that there is no correlation between the 2DGM along the principal axes of ground motions (i.e. denoted by 1 P , the horizontal stiffness of the plane frame can be expressed as
The extreme-fiber stress at the top of the column under one-directional horizontal input may be expressed by
From the moment equilibrium around the node B, the angle of rotation of the node B can be expressed by 
The auto-correlation function of 1 ( ) w t can be described in terms of the auto PSD function 
On the other hand, the component in the direction 2 X may be transformed into
The auto-correlation function of 2 ( ) w t can be described in terms of the auto PSD function
The mean-squares 
The cross-correlation function of 1 ( ) w t and 2 ( ) w t can be described in terms of the cross PSD function 12 ( )
Let us introduce the definition of the cross PSD function 12 12 12
Then Eq.(A21) can be expressed by
The cross term can be modified into 
Another cross-correlation function 
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